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Abstract
We present a massive Majorana neutrino model and see how it is con-
strained from the solar and atmospheric neutrino deficit experiments. This
model incorporates the seesaw mechanism and Peccei-Quinn symmetry. Its
consequence to the neutrinoless double beta decay is also discussed.
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1
From the recent solar neutrino and atmospheric neutrino experiments [1] [2]
[3] [4], it becomes very probable that the neutrinos have masses. In this let-
ter, we propose the model of massive Majorana neutrino and its physical conse-
quences,especially to neutrinoless double beta decays.
Our physical standpoints are as follows. The solar (atmospheric) neutrino
deficit is due to νe − νµ(νµ − ντ ) oscillation and all neutrinos are of Majorana
type. Their masses are generated by the seesaw mechanism [9] [10] and have the
hierarchy of
mνe =
m2e
MR
, mνµ =
m2µ
MR
, mντ =
mτ
2
MR
(1)
with MR is the order of the Peccei-Quinn symmetry breaking. Our strategy is,
therefore, to construct a model which realizes the above mentioned standpoints.
Mass Lagrangian for the leptonic part includes two SU(2) doublets φ1,φ2 and
one singlet φ3 Higgs fields. Its explicit form is given by
− Lmass =
3∑
i,j
f
(l)
ij l¯
(i)
L φ1e
(j)
R +
3∑
i,j
f
(ν)
ij l¯
(i)
L φ2ν
(j)
R +
3∑
i,j
f
(M)
ij ν¯
c(i)
R ν
(j)
R φ3 + h.c. (2)
Here (i, j) is the generation. lL is the left-handed doublet and e
(i)
R (ν
(i)
R ) is righ-
thanded charged lepton (neutrino) singlet of i’th generation. The third term
represents massive Majorana neutrinos which induce the seesaw mechanism. This
Lagrangian has the local SU(2) × U(1) symmetry and global Peccei-Quinn and
lepton number symmetries.
At this stage we have no relation among the coupling constants though Eq.(1)
suggests some relations. Later we will see how the present experiments constrain
these parameters. Here we study first the structure of mass Lagrangian after the
spontaneous symmetry breaking [6][7][8]. We expand Higgs fields as
φ1 =
1√
2

 ξ
y
1
+iξz
1
2
ρ1 + χ1 +
iξx
1
2

 ,
φ2 =
1√
2

ρ2 + χ2 + iξ
x
2
2
ξ
y
2
+iξz
2
2

 , (3)
φ3 =
1√
2
(
ρ3 + χ3 +
iξ3
2
)
,
where ρi are the vacuum expectation values. Then the following combinations of
ξ
j
i are gauged away by the weak boson transformations,
Z ′µ = Zµ −
1√
g2 + g′2ρ
∂µφ
Z ,
W ′µ = Wµ −
1
ρg
∂µ(
φW2 + iφW1√
2
), (4)
2
W¯ ′µ = W¯µ −
1
ρg
∂µ(
φW2 − iφW1√
2
).
Here
φZ ≡ ρ2ξ
x
2 − ρ1ξx1
ρ
,
φW1 ≡ ρ2ξ
y
2 − ρ1ξy1
ρ
, (5)
φW2 ≡ ρ2ξ
z
2 + ρ1ξ
z
1
ρ
with ρ ≡
√
ρ21 + ρ
2
2. Here we have written the infinitesimal trnsformations, suffi-
cient to see the Higgs mechanism.
Thus ϕZ , ϕW1 and ϕW2 defined below remain as the dynamical variables to-
gether with χi,
ϕZ ≡ ρ2ξ
x
1 − ρ1ξx2
ρ
,
ϕW1 ≡ ρ2ξ
y
1 + ρ1ξ
y
2
ρ
, (6)
ϕW2 ≡ ρ2ξ
z
1 − ρ1ξz2
ρ
.
So far we have not been able to restrict the parameters in Eq.(2). Fritzsch
assumed some additional symmetries and predicted the flavour mixing angles in
quark sector [5]. Our procedures reverse this process in lepton sector. That is,
we consider first how the experiments constrain, especially, the neutrino mass
matrix Mlight after the seesaw mechanism,
Mlight = −MDM−1R MTD, (7)
where(MD)ij ≡ f (ν)ij ρ2 and (MR)ij ≡ f (M)ij ρ3.
If we adopt that the atmospheric neutrino deficit is due to νµ− ντ oscillation,
θ2(θ2 ≡ θ23 and analogously θ3 ≡ θ31, θ1 ≡ θ12) may be constrained to be θ2 ∼ pi4
from the experiment [11]. Also we assume that the solar neutrino deficit is due to
νe−νµ oscillation and set θ3 ∼ 0. That is, the orthogonal (we have not considered
CP violation phases ) lepton mixing matrix defined by
U =


1 0 0
0 c2 s2
0 −s2 c2




c3 0 s3
0 1 0
−s3 0 c3




c1 s1 0
−s1 c1 0
0 0 1

 (8)
becomes
U =


c1 s1 0
− 1√
2
s1
1√
2
c1
1√
2
1√
2
s1 − 1√2c1 1√2

 , (9)
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where si (ci)is sinθi (cosθi). Mlight is constrained to be
Mlight = U


−m1 0 0
0 m2 0
0 0 m3

UT
=


−c21m1 + s21m2 1√2c1s1(m1 +m2) − 1√2c1s1(m1 +m2)
1√
2
c1s1(m1 +m2)
1
2
(−s21m1 + c21m2 +m3) 12(s21m1 − c21m2 +m3)
− 1√
2
c1s1(m1 +m2)
1
2
(s21m1 − c21m2 +m3) 12(−s21m1 + c21m2 +m3)

 .
(10)
Here we have set the sign of m1 negative. Indeed we can always change the sign
of the mass by making the transformation ψR → −ψR and ψL → ψL. There
exists a mass hierarchy of m1 ≪ m2 ≪ m3 and we have no lower bound with
respect to m1 from the neutrino anomalies. So we assume
− c21m1 + s21m2 = 0 (11)
That is, the lightest neutrino mass is considered to be generated only by the
flavour mixing. Eq.(11) shows that we adopt the small angle solution for the
solar neutrino oscillation. Then Mlight is reduced to
Mlight =


0 A −A
A B C
−A C B

 , (12)
where
A ≡ 1√
2
√
m1m2, B ≡ 1
2
(−m1 +m2 +m3)
and
C ≡ 1
2
(m1 −m2 +m3).
It may be interesting to compare this with the quark mass matrix proposed
by Fritzsch [5]. Then we will see how Mlight in Eq.(12) is affected on seesaw
mechanics (7).
Firstly, let us assume thatMD in Eq.(7) is diagonalized asMD ∝ diag(me, mµ, mτ )
for simplicity. That is,
f
(ν)
ij φ2 = α diag(me, mµ, mτ )
in Eq.(2), where α is some constant. You should be careful not to confuse this
with f
(l)
ij φ1. The reason for this choice is to realize Eq.(1) naively. In this case
f
(l)
i,j φ1 = diag(me, mµ, mτ ) also must be satisfied. Then from Eqs.(7) and (9) we
obtain the matrix MR as
MR = −α2


m2e
m1−m2
m1m2
memµ
√
1
2m1m2
−memτ
√
1
2m1m2
memµ
√
1
2m1m2
m2µ
2m3
mµmτ
2m3
−memτ
√
1
2m1m2
mµmτ
2m3
m2τ
2m3

 (13)
4
This has a rather complicated structure and is unlikely to posess some symmetry.
So we adopt the other option thatMD and MR have the same structure asMlight
in Eq.(12). Same structure means the same relationships between the components
of the respective matrix. It is remarkable that this assumption is consistent with
seesaw mechanism (7). That is, if we accept
MD =

 0 AD −ADAD BD CD
−AD CD BD

 , MR =

 0 AR −ARAR BR CR
−AR CR BR

 , (14)
then Mlight in Eq.(12) is given by
A =
A2D
AR
B = −BR − CR
2A2R
A2D +
BD − CD
AR
AD +
(BD + CD)
2
2(BR + CR)
, (15)
C =
BR − CR
2A2R
A2D −
BD − CD
AR
AD +
(BD + CD)
2
2(BR + CR)
This matrix structure is different from that of the quark mass matrix by Fritzsch
[5], though there is no need for these to coincide. Then there arises a ques-
tion to what extent this matrix structure Eq.(14) is unique under the following
assumption:
(a) Mlight, MD and MR have the same structure and that
(b) Their (1, 1) components are zeros.
In (a) their structure is not necessarilly identical to Eq.(14).
Running the remaining components of MD and MR as free parameters, the
seesaw mechanism (7) under the conditions (a) and (b) constrains the allowed
mass matrix in the following four types.
(1)

 0 A AA B C
A C C

 (2)

 0 A AA B B
A B C

 (3)

 0 A AA B C
A C B

 (4)

 0 A −AA B C
−A C B


(4) is the structure mentioned above. (3) is transformed to (4) by the interchange
of C to −C and these are physically equivalent as follows. So far we have set θ2
to be pi
4
. If we leave θ2 as a free parameter and keep the assumption (11), then
Mlight is reduced to
 0 c2
√
m1m2 −s2√m1m2
c2
√
m1m2 (−m1 +m2)c22 +m3s22 (m1 −m2 +m3)c2s2
−s2√m1m2 (m1 −m2 +m3)c2s2 (−m1 +m2)s22 +m3c22

 (16)
Therefore (3) and (4) are corresponding to s2 = −pi4 and s2 = pi4 , respectively. θ2
has been determined from the mixing factor sin22θ2 ∼ 1 and they are equivalent.
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(1) and (2) are also substantially same and are enforced to m3 = 0. m3 is the
heaviest neutrino mass and (1) and (2) are rejected. Thus we obtain the unique
structure (14) provided that we adopt the assumptions (a) and (b).
Unfortunately our assumptions are not sufficient to realize Eq.(1) straight-
forwardly since Eqs.(1), (12) and (15) can not fix the parameters A,B,C with
subscript D and R.
Finally we consider the physical consequences of Mlight in Eq.(11), especially
to the neutrinoless double beta decay.
————
Fig. 1
————
The amplitude of this process is proportional to < mν > defined by [12]
< mν >≡ |
3∑
j=1
U21jmj | (17)
Here Uij is in our theory given by Eq.(8) and
< mν >= | − c21m1 + s21m2| (18)
From the solar neutrino experiment m2 is estimated to be m2 ∼ O(10−3eV ),
whereas the experimental upper bound of < mν > is of the several eV order.
Therefore our estimation is lower than the present upper boud by at least 10−3
times.
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Figure Caption
Fig.1 Feynman diagram of the neutrinoless double beta decay. For the helicity
matching of the Majorana neutrino Nj emerges the small factor
mj
E
.
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